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Dilatancy and compaction in a pressure control granular system under an oscillatory
shear
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Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
(Dated: February 22, 2019)
We numerically study the rheology of a frictional granular system confined by a constant pressure
under an oscillatory shear. We find several scaling laws for the storage and the loss moduli against
the scaled strain amplitude. These scaling laws can be understood by the angular distribution
of the contact force. The system exhibits the dilatancy for the large strain amplitudes, while the
system can be compactified for the middle strain amplitudes if the pressure is small. The rheological
change between the jammed phase and the compaction phase or between the jammed phase and
the dilatancy phase or the compaction phase and the dilatancy phase can be detected by the peak
of the stress anisotropy.
I. INTRODUCTION
Amorphous materials consisting of dissipative grains
such as powders [1], colloid suspensions [2], bubbles [3]
and emulsions exhibit jamming transitions from liquid-
like states to solid-like jammed states. Since the pioneer
work by Liu and Nagel [4], studies on the jamming tran-
sition have attracted much attention among physicists.
The jamming transition for frictionless grains is known
as a mixed transition in which the coordination number is
discontinuously changed while the pressure and the shear
stress are continuously changed at the jamming point [5].
Such a continuous change of the stress near the jamming
point can be described by scaling laws among the pres-
sure, the shear stress, the shear rate and the density [5–
11].
It is remarkable that the introduction of mutual fric-
tions between grains drastically changes the behavior of
the jamming transition including the existence of a dis-
continuous shear thickening (DST) and the discontinuous
change of the stress [12–17]. Recently, we have recog-
nized that a shear jammed state commonly observed in
frictional systems differs from the conventional jammed
state [18–24]. Many people are interested in the mutual
relationship between the shear jamming and the DST,
but it seems that we do not have any consensus for the
relationship [25, 26].
Unlike the picture of the jamming transition, there is
another important rheological transition from an elastic
response to a plastic response by applying external forces,
which is referred to as the yielding transition [27–29]. It
corresponds to the reversible-irreversible transition i.e.
the position of a tracer grain can return its original posi-
tion for the small shear while its position does not return
the original one for the large shear [27, 30]. The steady
state in a simple shear is always plastic above the yield-
ing point, where the critical behavior near the yielding
point can be described by a scaling theory [29, 31]. Var-
ious definitions of the yielding point exist for oscillatory
shears, but each of them is not equivalent [32].
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The dilatancy is widely known as one of typical char-
acteristics of granular systems in which the density de-
creases as the shear increases under a constant pressure
condition [33–37]. Because the dilatancy cannot be ob-
served in a constant volume system, we have to study
the rheology of granular systems confined by a constant
pressure under the oscillatory shear to know the details
of the dilatancy.
The purpose of this paper is to know rheological prop-
erties of a sheared granular system such as the yielding
transition and the dilatancy. For this purpose, we nu-
merically study a granular system confined by a constant
pressure under oscillatory shear.
The contents of this paper is as follows. In the next
section we explain the setup of our numerical simulation.
The results of our simulation are explained in Secs. III
and IV. In Sec. III, we demonstrate the existence of sev-
eral scaling laws for the storage and the loss moduli,
which are essentially understood by the angular distri-
bution of contact force. In Sec. IV, we draw the phase
diagram for our system to illustrate the existence of the
dilatancy and the compaction. In the last section, we
discuss and summarize our results. In Appendices, we
explain some technical details which have not been de-
scribed in the main text.
II. OUR SIMULATED SYSTEM
Let us explain the setup of our simulated system. We
consider a two-dimensional system consisting of N fric-
tional granular disks in which the numbers of grains for
the diameters d0, 0.9d0, 0.8d0, and 0.7d0 are N/4, re-
spectively, to prevent the system from crystallization [38].
We assume that the density of each grain is a constant
and the mass is proportional to the square of the diam-
eter of the grain. Then, the mass corresponding to the
largest diameter d0 is m0.
We assume that the gravity does not play any role
in our system corresponding to grains on smooth hori-
zontal plane. We impose the periodic boundary condi-
tion in x−direction, while we apply the external pressure
through the real boundary in y−direction. The shape of
the system is a square, i.e. L0 := Ly = Lx in the absence
2of any external pressure, where Lx and Ly are the linear
dimensions of x− and y−directions, respectively. When
the external pressure is applied, Ly(t) depends on time.
The center of mass of the boundary at y = Ly(t) in the
x−direction x+G(t) obeys x
+
G(t) = A sin(Ωt) and the cen-
ter of mass of the boundary at y = 0 in the x−direction
x−G(t) obeys x
−
G(t) = −A sin(Ωt), where A and Ω are the
strain amplitude and the angular frequency, respectively.
Because the linear dimension of the system size in the
y−direction is not constant, we introduce the effective
strain amplitude γ0,eff := 2A/L0 as the control parame-
ter.
We average the data over NT cycles after abandon the
data in the initial Nini cycles. Because the obtained re-
sults depend on Nini for Nini ≤ 5, we adopt Nini = 10
and NT = 10. We set t = 0 at the moment when Nini
oscillatory shear ends.
FIG. 1. A snapshot of our simulated system, where P , A
and Ω are the external pressure, the strain amplitude and the
angular frequency of the external oscillation, respectively.
We control the pressure on the wall. To describe the
motion of the walls under the external pressure P , we
adopt the following equation of the motion:
mw
dv±w,y
dt
= ±(P±w − P )Lx − ζdv
±
w,y, (1)
where the superscript ±, mw, v
±
w,y, P
±
w and ζd are the
index for the top boundary at y = Ly(t) for + or for the
bottom boundary at y = 0 for −, the mass of the wall,
y−component velocities of the walls located at Ly(t) and
0, the inner pressure acting on the walls from grains, and
the damping constant, respectively. Each wall consists
of Nw grains of mass m0 and diameter d0, in which Nw
satisfies mw = Nwm0.
The translational and the rotational equations of the
motion of the i−th grain whose mass, position, and mo-
ment of inertia are, respectively, mi, xi, and Ii are given
by
mi
d2xi
dt2
=
∑
j 6=i
fij , (2)
Ii
dωi
dt
=
∑
j 6=i
Tij , (3)
where we have introduced the contact force fij acting
on the i−th grain from j−th grain. Note that ωi is
z−component of the angular velocity of the i−th grain.
The definition of the torque Tij in Eq. (3) is given by
Tij = −
di
2
fij · tij (4)
with the tangential unit vector tij at the contact point
between i−th and j−th grains. The contact force of each
grain is described by the Cundall-Stack model [39, 40].
Let us consider the contact force fij between i−th and
j−th grains. Introducing rij = (di + dj)/2 and xij =
xi−xj with xij := |xij |, the contact force fij is expressed
as
fij = (fij,n + fij,t)Θ(rij − xij), (5)
where we have introduced the normal contact force fij,n,
the tangential contact force fij,t and Heaviside’s step
function Θ(x) satisfying Θ(x) = 1 for x ≥ 0 and Θ(x) = 0
otherwise. The normal force consists of the elastic re-
pulsive force represented by a linear spring (the spring
constant kn) and the dissipative force represented by a
dash pot (the damping constant ηn) as
fij,n = knδij,nnij − ηnvij,n, (6)
where we have introduced nij = xij/xij , vij,n = (vij ·
nij)nij with vij = dxij/dt and δij,n = rij − xij . On
the other hand, the tangential force fij,t contains both a
sticking state and a slip state, where the switching from
the stick to the slip takes place if the magnitude of tan-
gential force fij,t = |fij,t| exceeds the critical condition
as
fij,t =
{
ktδij,ttij − ηtvij,t (fij,t < µfij,n),
µfij,ntij (otherwise),
(7)
where δij,t is the tangential displacement during a con-
tact time and we have introduced Coulomb’s friction co-
efficient µ, the tangential spring constant kt, the tan-
gential damping constant ηt, fij,n = |fij,n| and the rel-
ative tangential velocity at the contact point vij,t =
vij − vij,n + (diωi + djωj)/2.
The parameters of our system are listed in Tables I and
II. In the most of our simulations we adopt the number of
grains N = 4000, the friction coefficient µ = 1.0, and the
frequency Ω/(2pi) = 1.0 × 10−4
√
kn/m0. We have con-
firmed that the rigidity and the viscosity are independent
of Ω in the range of Ω/(2pi) ≤ 1.0 × 10−4
√
kn/m0 (see
Appendix A). We have also confirmed that they are in-
dependent of N in the range of 4000 ≤ N ≤ 20000.
3TABLE I. List of the system parameters, where ζˆd and ηˆn are
ζˆd := ζd/
√
m0kn and ηˆn := ηn/
√
m0kn, respectively.
N Lx/d0 ζˆd µ kt/kn ηˆn ηt/ηn
4000 – 20000 50 – 100 1 0 – 1.0 0.5 1 1
TABLE II. List of the external parameters.
γ0,eff Ω/(2pi
√
kn/m0) P/kn
10−6 – 1 10−5 – 10−3 2.0× 10−5 – 6.0× 10−3
In order to make the initial configuration isotropic,
we randomly place all grains whose diameters are
0.6d0 confined in a squared system without shear.
When the potential energy Vn := kn
∑
i6=j δ
2
ij,n satisfies
Vn/(Nknd
2
0) < 1.0× 10
−7, the diameter of each grain in-
creases by 0.02d0. After repeating this process we reach
the designed diameter of each grain at the below jamming
density. We give each grain a uniform random velocity in
the range between −0.01d0
√
kn/m0 and 0.01d0
√
kn/m0
for the whole grains to eliminate unexpected unstable
structure. We compress both walls by the pressure P to
compactify the system above the jamming density. After
the sufficient time (elapsed time = 1.5 × 105
√
m0/kn),
all the velocities and the rotational velocities are set to
zero to obtain isotropic and stable structure as the ini-
tial condition. Then, we apply the oscillatory shear. We
adopt the symplectic Euler method with the time step
∆t = 0.05
√
m0/kn.
To avoid the influence of shear band effects we only
collect the data in the bulk region which is apart from
the walls by the distance 7d0. The velocity profile in the
bulk region is almost linear for large strains.
Because the contact stress is dominant for dense gran-
ular systems [41, 42], we measure the symmetric contact
stress σsymαβ :
σsymαβ := −
1
2LxL˜y
∑
i
(|yi|<L˜y/2)
∑
j>i
(xij,αfij,β + xij,βfij,α),
(8)
where we have introduced L˜y := Ly(t = −2Ninipi/Ω) −
14d0. Note that frictional systems have the asymmetric
stress tensor and the coupled stress in general [43]. Nev-
ertheless, we have confirmed that the asymmetry of the
stress tensor is so small that we can ignore the asymmetry
of the stress tensor or the coupled stress (see Appendix
B).
In systems under the oscillatory shear, the storage
modulus G′ and the loss modulus G′′ express the rigidity
and the dynamic viscosity multiplied by Ω, respectively.
It should be noted that their definitions are not unique
in nonlinear response regime [44–46]. In this paper, we
adopt the following expressions [46]:
G′(γ0,eff, P ) := lim
γ(t)→γ0,eff
σ˜
γ0,eff
, (9)
G′′(γ0,eff, P ) := lim
γ(t)→0(σ˜≥0)
σ˜
γ0,eff
, (10)
where we have introduced γ(t) := γ0,eff sin(Ωt) and σ˜
defined as
σ˜(t) := σsymxy (t)− σ
sym
xy . (11)
Here σsymxy is the time average over the oscillatory period
σsymxy :=
∫ T
0
dtσsymxy /T .
To specify the yielding point we check whether tracer
grains return to their original positions after one cycle of
the oscillatory shear (see Fig. 2). If the mean square
displacement (MSD) parallel to the shear direction is
larger than the threshold 1.0 × 10−6d20 , we regard the
system as a plastic state. Here, MSD is evaluated by
∆x2 :=
∑NT−1
n=1 ∆x
2
n,raw/(NT − 1) where ∆x
2
n,raw is de-
fined by
∆x2n,raw :=
∑
i
(|yi|<L˜y/2)
{xi(nT )− xi((n− 1)T )}
2
NB((n− 1)T )
, (12)
where T is the oscillation period T := 2pi/Ω. Here, NB(t)
and xi(t) are the number of grains in the bulk region and
x coordinates of i−th grain at time t, respectively. Note
that Eq. (12) does not contain any average on the phase
of oscillation.
FIG. 2. The changes of force chains after one cycle at P/kn =
2.0×10−3 andN = 4000 for γ0,eff = 1.0×10−5 and γ0,eff = 1.0.
The line width of each line is proportional to the absolute
value of the contact force between grains.
4III. SCALING LAWS AND FRICTION
DEPENDENCE
A. Scaling laws for storage and loss moduli
In this subsection we illustrate the existence of several
scaling laws for the storage and the loss moduli. We
also demonstrate that the stress-strain curve observed in
our simulation can be reproduced by a phenomenology
with the aid of the data of the angular distribution of
the contact force. We confirm that the following scaling
form for the storage modulus holds (see Fig. 3):
G′ = G′res(Pˆ )G
′
(
γ0,eff
Pˆ β
′
1
)
, (13)
G′res(Pˆ ) : = lim
γ0,effց0
G′(γ0,eff, Pˆ ), (14)
lim
xց0
G′(x) = 1, lim
x→∞
G′(x) ∼ x−1, (15)
where we have introduced Pˆ := P/kn and the scaling
exponent β′1 which is a special case of µ−dependent ex-
ponent β′µ. The exponent β
′
1 is evaluated as
β′1 = 1.06± 0.04. (16)
Note that the residual storage modulus G′res(Pˆ ) has a
FIG. 3. Scaling plots of the storage modulus G′/G′res for vari-
ous dimensionless pressures Pˆ against the scaled γ0,eff, where
G′res is the residual storage modulus. Numerical storage mod-
ulus G′ are plotted by filled symbols and the phenomenolog-
ical storage modulus G′∗ introduced in Eq. (23) are plotted
with lines. Here G′ is proportional to γ−1
0,eff
for large γ0,eff.
weak pressure dependence as G′res/kn ≃ a ln Pˆ + b with
a ≃ 0.03 and b ≃ 0.49 (see Appendix C). We also note
that G′/G′res is almost independent of γ0,eff for small γ0,eff
and it is proportional to γ−10,eff for large γ0,eff. The scaling
exponent β′1 approximately satisfies β
′
1 ≈ 1. The scaling
behavior in Eqs. (13)-(16) can be understood as follows.
If the strain is small, the response of the material is the
Hookean in which G′ must be independent of γ0,eff. On
the other hand, the stress ratio σxy/P approaches a con-
stant for large strain regime. Thus, the effective stress
σ˜ must be independent of γ0,eff. This simple picture ex-
plains the basic mechanism of the scaling of G′.
The loss modulus also satisfies the scaling form (see
Fig. 4):
G′′ = knPˆ
α′′
1 G′′
(
γ0,eff
Pˆ β
′′
1
)
, (17)
lim
xց0
G′′(x) = const., lim
x→∞
G′′(x) ∼ x−1, (18)
where the scaling exponents α′′1 and β
′′
1 which are the
special cases of α′′µ and β
′′
µ are evaluated as
α′′1 = 0.17± 0.02, β
′′
1 = 0.94± 0.02. (19)
The exponent β′′1 ≈ 1 can also be understood by the
fact that the stress should be independent of γ0,eff or the
stress ratio approaches a constant for large strain. The
FIG. 4. Scaling plots of the loss modulus G′′ for various di-
mensionless pressures Pˆ against the scaled strain amplitude,
where G′′ is proportional to γ−1
0,eff
for large γ0,eff. Numerical
loss modulus G′′ are plotted by filled symbols and the phe-
nomenological loss modulus G′′∗ introduced in Eq. (24) are
plotted with lines.
existence of a peak in the scaled loss modulus around at
γ0,eff/Pˆ
β
′′
1 is characteristic. The loss modulus for small
γ0,eff may not satisfy the scaling. On the other hand, the
scaling function of G′′ is also proportional to γ−10,eff for
large γ0,eff as in the case of G
′.
We may understand the qualitative behavior of G′′ be-
cause of the balance between the creation and annihila-
tion of the contact networks [47]. Namely, the energy loss
is small if there are no bond breakages for small strain.
Then, the energy loss increases as the strain increases for
intermediate strain because of active reconnections of the
contact network in this regime. Finally, the energy loss
becomes smaller once the system contains some large slip
layers.
Let us try to understand the behavior G′ and G′′ as
well as the stress-strain curve quantitatively. In a system
5under a simple shear, it is known that the approximate
stress tensor can be expressed with the aid of the an-
gular distributions of the normal contact force density
ζn(θ) and tangential contact force density ζt(θ) [42, 48–
50]. Here ζn(θ) and ζt(θ) are expressed as ζn(θ) =
ρ(θ)FN (θ)/〈FN 〉 and ζt(θ) = ρ(θ)FT (θ)/〈FN 〉 with the
angular contact distribution ρ(θ) with the normalization∫ 2pi
0 dθρ(θ) = 1, the normal force FN (θ), the tangential
force FT (θ) at the contact angle θ, and the averaged con-
tact force over the angle 〈FN 〉 =
∫ 2pi
0
dθρ(θ)FN (θ). From
the normalization and the absence of global rotation
ζn(θ) and ζt(θ) satisfy
∫ 2pi
0 dθζn(θ) = 1 and
∫ 2pi
0 dθζt(θ) =
0, respectively. Figure 5 plots ζn(θ) and ζt(θ) in our sys-
tem for various γ0,eff. Basic behavior of ζn(θ) or ζt(θ) in
our system is similar to that observed in a simple shear
[42]. Nevertheless, the transition from isotropic ζn(θ)
for small strain amplitudes to anisotropic ζn(θ) for large
strain amplitudes is characteristic in oscillatory systems.
Even in our oscillatory shear system, the stress tensor
σαβ can be approximated as in Ref. [42]:
σαβ ≃ σ
∗
αβ , (20)
where we have introduced
σ∗αβ := C〈FN 〉
∫ 2pi
0
dθ [ζn(θ)nθ − ζt(θ)tθ]n
T
θ (21)
with a constant C determined by the relation P =
−(σ∗xx + σ
∗
yy)/2. Here nθ = (cos θ, sin θ) and tθ =
(− sin θ, cos θ) are the normal and the tangential unit
vectors between contacting grains, respectively. Figure
6 (a) plots the results of our simulation σ˜ and the phe-
nomenological expression σ˜∗ obtained from Eqs. (11)
and (21). It is remarkable that the phenomenological
stress σ˜∗ well recovers σ˜ of our simulation at least, for
γ0,eff ≥ 0.1. There exist some visible differences between
the phenomenological stress and the numerical stress for
γ0,eff ≤ 0.01, but their qualitative shapes are almost iden-
tical. To demonstrate the relevancy of the phenomeno-
logical expression Eq. (21) even for weakly non-linear
region, 1.0× 10−3 < γ0,eff ≤ 0.1, we have introduced the
scaled stress σ˜∗fit:
σ˜∗fit :=
σ˜(Ωt = pi/2)
σ˜∗(Ωt = pi/2)
σ˜∗(t). (22)
It is obvious that σ˜∗fit recovers the most of the numerical
results for γ0,eff ≥ 1.0×10
−3. It should be noted that the
Lissajous (the stress-strain) curve becomes an identical
parallelogram for large γ0,eff as shown in Fig. 6. Because
we reproduce the stress-strain curve via the phenomenol-
ogy with the aid of ζn(θ) and ζt(θ), we can also reproduce
G′ and G′′ via the phenomenological storage moduli G′∗
and loss moduli G′′∗ defined as
G′∗ : = lim
γ(t)→γ0,eff
σ˜∗/γ0,eff, (23)
G′′∗ : = lim
γ(t)→0(σ˜∗≥0)
σ˜∗/γ0,eff. (24)
FIG. 5. Angular distributions for the normal contact force
density ζn(θ) (a) and the tangential contact force density ζt(θ)
at Ωt = 0 (b). The tangential force in the clockwise direction
is regarded as the positive force, where positive ones are plot-
ted as filled symbols and negative ones are plotted as open
symbols.
See the lines in Figs. 3 and 4 for the phenomenological
G′∗ and G
′′
∗ , respectively. We should note that the agree-
ment between the phenomenology and the simulation is
poor for small strain amplitudes. Disagreement of G′′ for
small γ0,eff is expected because we do not use Eq. (22)
in Fig. 4. Note that we can reproduce the peak if we use
Eq. (22) but the agreement of scaled one with the aid
of Eq. (22) with the numerical one is still poor for small
γ0,eff. Nevertheless, we should emphasize that we cap-
ture the quantitative behavior of G′ and G′′ for the large
strain amplitudes with the aid of the angular distribu-
tion function of the contact force. In this subsection, we
have presented the results only for µ = 1.0. In Appendix
C we have discussed how the results of Eqs. (13)-(19)
depend on µ. In the short summary of µ−dependence
of the scaling laws presented in this subsection, (i) the
scaling laws in Eqs. (13)-(19) still hold for arbitrary µ,
6FIG. 6. Plots of Lissajous (stress-strain) curves for various
γ0,eff. (a) Numerical data σ˜(t) are plotted by open symbols,
and the phenomenological stress σ˜∗(t) with the aid of angular
distributions for the normal contact force density ζn(θ) and
the tangential force density ζt(θ) are plotted by the lines for
large γ0,eff. (b) Numerical data σ˜(t) are plotted by open sym-
bols and the phenomenological stress σ˜∗fit with the aid of Eq.
(22) are plotted by the lines for small γ0,eff.
and (ii) the exponent α′′µ depends on µ but the exponents
β′µ and β
′′
µ are almost independent of µ.
B. Influence of µ
In this subsection, we show how the results depend
on the friction coeeficient µ. Figure 7 plots the data of
the storage modulus for various friction coefficients µ in
the case of P/kn = 2.0 × 10
−4 and Ω/(2pi
√
kn/m0) =
1.0 × 10−4. We recognize that the storage modulus are
almost independent of µ if µ is finite, though the be-
havior of frictionless grains is quite different from those
for frictional grains, which is similar to that observed in
Ref. [16]. It is not surprised that G′ is essentially in-
dependent of µ because the scaling is only determined
by the transient from the Hookean to the plastic regime
(G′ ∼ γ−10,eff), in which the friction coefficient does not
appear in the argument to understand the scaling law.
FIG. 7. Plots of the storage modulus against γ0,eff for various
µ at the pressure P/kn = 2.0 × 10−4.
On the other hand the loss modulus depends on the
friction coefficient as
FIG. 8. The scaling plots of the loss modulus against γ0,eff
for various µ at the pressure P/kn = 2.0× 10−4.
G′′ = knµ
−χF ′′
(
γ0,eff
µν
)
. (25)
Here, the scaling function satisfies the asymptotic forms:
lim
xց0
F ′′(x) =const., lim
x→∞
F ′′(x) ∼ x−1. (26)
The scaling exponents used in Eq. (25) are evaluated as
χ = 0.61± 0.03, ν = 0.75± 0.04. (27)
7So far, we do not understand these scaling exponents for
the loss modulus.
Although we present the data only for P/kn = 2.0 ×
10−4 in this subsection, as shown in Appendix E, the
scaling as in Eqs. (25) and (26) still hold in the other P ,
where the scaling exponents χ and ν depend on P .
IV. DILATANCY AND COMPACTION
A. Yielding transition
The yielding transition distinguishes an elastic and a
reversible state for small strain from a plastic and an ir-
reversible state for large strain. We regard the transition
point as ∆x2/d20 = 1.0× 10
−6 (see Fig. 9 (a)). We com-
pare this definition with the violation of the Hookean
where σˆ is no longer proportional to γ0,eff (see Fig. 9
(b)). Here σˆ is given by
σˆ =
|σ˜|
lim
γ0,effց0
|σ˜|
, (28)
where |σ˜| expresses the time average of |σ˜| over one oscil-
lation period. Thus, we confirm that the yielding point
determined by ∆x2/d20 = 1.0×10
−6 is almost identical to
the violation of the Hookean law for P/kn ≤ 2.0 × 10
−4
(see the connected line among open triangles in Fig. 10).
B. Dilatancy and compaction
As mentioned in INTRODUCTION, the dilatancy is
one of the well known characteristics of granular flows.
To characterize the dilatancy, we plot the data on the
plane of the strain amplitude γ0,eff and the time aver-
aged area fraction φ :=
∫ T
0
dtφ(t)/T where φ is the area
fraction in the bulk region (see Fig.10). Note that we
cannot observe any unjammed phase because we always
compress the system from the outside. It is remark-
able that the compaction (instead of the dilatancy) takes
place for P/kn ≤ 6.0 × 10
−5 and the intermediate γ0,eff
in which the density increases as strain increases. This
compaction behavior is understood as the process from
a random and metastable configuration to a stable and
a little ordered configuration under the mild agitation.
Such a compaction has been observed in a granular tap-
ping process [51]. Figure 11 is the three-dimensional plot
of the area fraction on the plane of P and γ0,eff to clarify
the dilatancy and the compaction. It is interesting that
the transition point from the jammed phase to the com-
paction phase is almost identical to that for the yielding
point determined by ∆x2 6= 0. To characterize the di-
latancy and the compaction we plot the averaged stress
anisotropy τ :=
∫ T
0
dt|λ1 − λ2|/(2T ) in Fig. 12, where
λ1 and λ2 are two eigenvalues of stress tensor. Note that
the pressure is expressed as P = −(λ1 + λ2)/2. From
FIG. 9. (a) The mean square displacement ∆x2 versus the
effective strain amplitude γ0,eff. (b) The normalized shear
stress σˆ defined in Eq. (28) versus γ0,eff.
comparison of Fig. 12 with Figs. 10 and 11, we can ob-
serve compaction for the intermediate γ0,eff between two
peaks of τ/P , while there is no compaction if there is
only a single peak for τ/P . The dilatancy can be only
observed if γ0,eff is larger than that for the largest peak
of τ/P . This characteristic behavior corresponds to the
known fact that the anisotropy becomes largest in the
fragile state [18, 24]. Furthermore, the peak of τ/P at
the dilatancy is sharper than that of the compaction.
Thus, anisotropic structure plays important roles in the
process of the dilatancy and the compaction.
V. DISCUSSION AND CONCLUSION
Let us discuss our results. The dilatancy law φ ∝
γ˙
√
m/P with the shear rate γ˙ was reported for a two di-
mensional pressure control system under the steady sim-
ple shear [36, 42]. This simple law does not hold in our
systems.
For large shear inter-grain collisions may play impor-
tant roles. It is well known that the shear stress in high
8FIG. 10. The phase diagram spanned by the averaged area
fraction φ against γ0,eff. The plastic region (Pl) is defined as
∆x2/d20 ≥ 1.0 × 10−6 and the jammed (J) state is defined
as ∆x2/d20 < 1.0 × 10−6. The points of the violation of the
Hookean law, the first peaks of τ/P , and the last peak of τ/P
are plotted as open triangles, open squares and open circles,
respectively.
FIG. 11. Three-dimensional plot of φ on the plane of γ0,eff
and P/kn, where the color coding is a linear function of φ.
FIG. 12. Plots of τ/P against γ0,eff for typical three pressures.
The dilatancy and the compaction exisist at P/kn = 2.0 ×
10−5(diamonds). The dilatancy only exists at P/kn = 6.0 ×
10−4(triangles) and P/kn = 6.0× 10−3(circles).
shear regime satisfies σ ∝ P for collisional frictionless
and moderately dense granular gases [52]. Even for our
systems, the shear stress satisfies the relation σ˜ ∝ P in
the large strain amplitudes. The grains are stationary
for low strain regime while the motion of grains is irre-
versible to show the plasticity in the collisional regime.
Quantitative analysis along this picture will be consid-
ered elsewhere.
We have verified that the phenomenology in terms
of the angular distribution of the contact force gives
quantitatively precise results for large strain amplitudes.
Therefore, we will have to (i) construct the phenomenol-
ogy for low strain amplitudes and (ii) try to derive the
angular distribution of the contact force theoretically in
future.
In summary, we have numerically investigated a fric-
tional granular system confined by a constant pressure
under an oscillatory shear. We found that the storage
modulus satisfies G′/G′res = 1 for small strain amplitudes
(or high pressures) andG′/G′res ∝ Pˆ /γ0,eff for large strain
amplitudes (or small pressures). We have confirmed that
G′ is independent of µ while the loss modulus G′′ satisfies
a scaling law which depends on µ. The phenomenologi-
cal theory with the aid of the angular distribution of the
contact force works well, at least, for large strain ampli-
tudes. We also found that the compaction in addition to
the conventional dilatancy exists for the small pressure
P/kn ≤ 6.0× 10
−5. The stress anisotropy takes a sharp
peak at the critical point to start the dilatancy or the
compaction.
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Appendix A: Angular frequency dependence
In this appendix, we check the dependence of the
storage and the loss moduli on Ω. We have con-
firmed that G′ and G′′ are almost independent of Ω for
Ω/(2pi
√
kn/m0). ≤ 1.0 × 10
−4 , though the data of G′′
in small γ0.eff are largely fluctuated (see Fig, 13).
9FIG. 13. Plots of G′ and G′′ against γ0,eff for various angular
frequencies Ω at P/kn = 2.0× 10−3 and µ = 1.0.
Appendix B: Coupled stress and asymmetric stress
In this appendix, we discuss the coupled stress R which is the asymmetric part of the stress tensor [43] defined as
R :=
1
LxL˜y
∑
i
(|yi|<L˜y/2)
∑
j>i
(xij,xfij,y − xij,yfij,x),
=
1
LxL˜y
∑
i
(|yi|<L˜y/2)
∑
j>i
Tij . (B1)
Let us introduce a normalized coupled stress Rˆ:
Rˆ :=
R˜
σ˜(Ωt = pi/4)
, (B2)
where R˜ := R−
∫ T
0
dtR/T . We have confirmed the coupled stress is almost zero for large strain amplitudes as shown
in Fig. 14. We find that Rˆ depends on γ(t) for the small pressure and small strain amplitudes. This behavior is
reasonable because the couple stress is essentially the toque acting on grains. Although the contribution of Rˆ(t) for
small strain amplitudes can be detected, the largest value of Rˆ is at most 0.04. Therefore, we can safely ignore the
contribution of asymmetric stress tensor or the couple stress.
Appendix C: Pressure dependence of G′
res
In this appendix, we discuss the behavior of G′res =
limγ0,effց0G
′ introduced in Eqs. (13) and (14). Figure
15 displays the results of our simulation on G′res versus
10
FIG. 14. Plots of Rˆ against γ(t)/γ0,eff for (a1) P/kn = 2.0 × 10−3 and small strain amplitudes, (a2) P/kn = 2.0 × 10−3 and
large strain amplitudes, (b1) P/kn = 2.0 × 10−5 and small strain amplitudes and (b2) P/kn = 2.0 × 10−5 and large strain
amplitudes.
the external pressure P . Our results suggest that G′res
satisfies
G′res
kn
≃ a log Pˆ + b, (C1)
a = 0.03± 0.01, b = 0.49± 0.01. (C2)
At present, we do not have any explanation of Eqs. (C1)
and (C2).
Appendix D: Scaling laws corresponding to Eqs.
(13)-(19) for various friction coefficients
We have discussed the scaling laws in the main text
(Sec. III A) only for µ = 1.0. For arbitrary µ the storage
modulus satisfies the relation:
G′ = G′res(Pˆ )G
′
(
γ0,eff
Pˆ β
′
µ
)
, (D1)
G′res(Pˆ ) : = lim
γ0,effց0
G′(γ0,eff, Pˆ ) (D2)
lim
xց0
G′(x) = 1, lim
x→∞
G′(x) ∼ x−1. (D3)
FIG. 15. Plot of G′res against the pressure.
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and the loss modulus satisfies the relation:
G′′ = knPˆ
α′′µG′′
(
γ0,eff
Pˆ β
′′
µ
)
, (D4)
lim
xց0
G′′(x) = const., lim
x→∞
G′′(x) ∼ x−1, (D5)
where the scaling exponents are plotted in Fig. 16. The
FIG. 16. Plots of β′µ, α
′′
µ and β
′′
µ against µ.
exponents β′µ and β
′′
µ are almost independent of µ, but
α′′µ seems to depends on µ. See the scaling plots of G
′ and
G′′ against the scaled the strain amplitude at µ = 0.1 in
Fig. 17.
Appendix E: Scaling laws corresponding to Eqs.
(25)-(27) for various pressures
We have confirmed that the loss modulus satisfies the
scaling form only for P/kn = 2.0× 10
−4 in the main text
(Sec. III B). For arbitrary P the loss modulus may satisfy
the scaling form:
G′′ = knµ
−χrF ′′
(
γ0,eff
µνr
)
(r = s, m, l). (E1)
Here, the scaling function satisfies the asymptotic forms:
lim
xց0
F ′′(x) =const., lim
x→∞
F ′′(x) ∼ x−1 (E2)
where subscripts s, m and l correspond to P/kn =
2.0×10−5, P/kn = 2.0×10
−4 and P/kn = 2.0×10
−3, re-
spectively. We find that the best fitted scaling exponents
used in Eq. (E1) are given by
χs = 0.65± 0.09, νs = 0.88± 0.10, (E3)
χm = 0.61± 0.03, νm = 0.75± 0.04, (E4)
χl = 0.29± 0.03, νl = 0.56± 0.03. (E5)
It seems that both the exponents χr and νr depend on P .
The scaling plot of the loss modulus based on Eq. (E1)
for various µ and P/kn = 2.0× 10
−5 is shown in Fig. 18.
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